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Abstract 

We describe the geometry of all type II common sector backgrounds with two 
supersymmetries. In particular, we determine the spacetime geometry of those su- 
persymmetric backgrounds for which each copy of the Killing spinor equations 
admits a Killing spinor. The stability subgroups of both Killing spinors are 
Spin(7) x M. 8 , SU{4) K M 8 and G 2 for IIB backgrounds, and Spin{7), SU{4) and 
G2 x for IIA backgrounds. We show that the spacetime of backgrounds with 
spinors that have stability subgroup K k R 8 is a pp-wave propagating in an eight- 
dimensional manifold with a K-structure. The spacetime of backgrounds with 
iT-invariant Killing spinors is a fibre bundle with fibre spanned by the orbits of 
two commuting null Killing vector fields and base space an eight-dimensional man- 
ifold which admits a A-structure. Type II T-duality interchanges the backgrounds 
with K- and K ix M 8 -invariant Killing spinors. We show that the geometries of the 
base space of the fibre bundle and the corresponding space in which the pp-wave 
propagates are the same. The conformal symmetry of the world-sheet action of 
type II strings propagating in these N = 2 backgrounds can always be fixed in the 
light-cone gauge. 



1 Introduction 



The type II common sector is a consistent truncation of type II supergravities. The 
bosonic fields are the metric g, dilaton <3> and three-form field strength H, dH = 0. The 
Killing spinor equations in the string frame are 

Ve = , (d$ - \H)e = , 

Z 

Ve = 0, (d$ + ^if)e = , (1.1) 
z 

where the Killing spinors e and e are Majorana-Weyl of the same (IIB) or opposite chiral- 
ity (IIA), and V = V + \H and V = V — \H are metric connections with torsion 1 given 
by the NS®NS three-form H. The gravitino and dilatino Killing spinor equations are 
two copies of those of the heterotic string differing by the sign of H. Let (N, N) be the 
number of Killing spinors and (G, G) be their stability subgroups in Spin(9, 1) for each 
copy, respectively. The total number of Killing spinors of a background is N = N + N. 
If TV = 0, then the Killing spinor equations reduce to those of the heterotic string. Con- 
sequently, the associated supersymmetric backgrounds are those of the heterotic string 
and a systematic investigation of their geometries can be found in [1] using the spinorial 
geometry approach of [2] . There is extensive previous work on the geometry of heterotic 
and type II common sector supersymmetric backgrounds, see e.g. [3]- [19]. Similarly, if 
N = 0, the geometries of the common sector backgrounds can also be recovered from 
those of the heterotic string. However, if both sectors admit a non-trivial Killing spinor, 
N, N ^ 0, new geometries arise. The conditions that each copy of Killing spinor equa- 
tions imposes on the geometry are those of, or can be constructed from, the associated 
heterotic string backgrounds with N and N Killing spinors and with stability subgroups 
G and G, respectively. Furthermore, the geometry of the spacetime depends on the 
conditions that arise from both copies of the Killing spinor equations and in particular 
on the stability subgroup, G = G n G, of all Killing spinors 2 . In turn, G depends on the 
way that G and G are embedded in Spin(9, 1) up to a Spin(9, l)-conjugation. There are 
many ways to embed G and G in Spin(9, 1) which lead to inequivalent geometries for 
the spacetime. In [1] it was argued that all these new geometries appear because, unlike 
the case of the heterotic string, the gauge group Spin(9, 1) of the common sector Killing 
spinor equations is a proper subgroup of the holonomy group Spin{9, 1) x Spin(9, 1) of 
the supercovariant connection of the gravitino Killing spinor equations. 

All N = 1 supersymmetric common sector backgrounds 3 are embeddings of N = 1 
supersymmetric heterotic backgrounds and therefore their geometry has already been 
described in [1]. As we have already mentioned, the geometry of N = 2 backgrounds 
with either N = or N = are also embeddings of heterotic string backgrounds with two 

1 In the literature, these connections are denoted with V + and V~, respectively. We have introduced 
a different notation because later we use — and + labels to denote light-cone directions. 

2 The use of the stability subgroups of the spinors in the context of supersymmetric solutions has 
been suggested in [20]. 

3 It suffices to know the geometry of N = 1, N = backgrounds. This is because the geometry of 
N = 0, N = 1, backgrounds can be easily be determined from that of N = 1, N = backgrounds, 
e.g. in IIB common sector one has to set H — > —H. 
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Killing spinors. In this paper, we shall examine the geometry of type II common sector 
N = 2 backgrounds with N — N — 1. It has been shown in [1] that there are three 
classes of such type IIB backgrounds characterized by the spinor stability subgroups 
G = Spin{7) x R 8 , 577(4) x R 8 and G 2 . We shall show that there are also three classes 
of IIA backgrounds characterized by the spinor stability subgroups G = Spin(7), S77(4) 
and G 2 x R 8 - It is clear that there are two types of stability subgroups K and K x R s , 
where K is a compact group, and the type II N=2 backgrounds come in pairs. If a 
IIA background has stability subgroup G = K, then the corresponding IIB background 
has stability subgroup G = K x R 8 and vice-versa. All the backgrounds with stability 
subgroup G = K x R 8 admit a null V-parallel vector field and therefore the spacetime 
is a pp-wave propagating in an eight-dimensional space B equipped with a TT-structure. 
Equivalently, the spacetime can be thought of as a Lorentzian deformation family of B. 
In particular, the metric and three-form are 

ds 2 = 2dv(du + Vdv + n) + (%eV , 

H = ^Hl^e- Ae ! A e j + \n%e~ A e* A e j + )-E ijk e L A e j A e k , 

2 J 2 J 61 

$ = Q(v,y), (1.2) 

where the parallel vector field is X = d/du and the deformed manifold B is defined 
by u,v = const. Let t C A 2 (M 8 ) be the Lie algebra of K and A 2 (R 8 ) = The 
Killing spinor equations specify all the components of H in terms of the geometry apart 
from 77ljj which remains undetermined. The geometry of the eight-dimensional de- 
formed manifold is constrained. In particular for K = Spin(7), B is a Spin(7) manifold, 
hol(V) C Spin(7), and H ijk = 0. For K = SU(A), B is an almost hermitian manifold 
with an SU (4) structure, the canonical bundle of B admits a trivialization and the asso- 
ciated (4,0)-form is parallel with respect to the Levi-Civita connection. The classes W\ 
and W± are related to the trivialization of the canonical bundle, and W 2 is related to the 
W3 class. For K = G 2 , B admits a vector field Z which is rotation free but not Killing. 
There are 2 10 G 2 -structures on an eight-dimensional manifold and we specify the one 
that is associated with N = 2 supersymmetry. The components H^k of the torsion are 
determined in terms of Z and its derivatives. In addition, we analyze the integrability 
conditions of the Killing spinor equation and we show that all the field equations are 

satisfied provided that one imposes the Bianchi identity of H, dH = 0, and the E = 

component of the Einstein equations. 

The backgrounds with stability subgroups K are (locally) fibre bundles of rank two 
over an eight-dimensional manifold B. The fibre directions are spanned by the orbits of 
two commuting null V- and V-parallel vector fields X, Y. The metric and torsion can 
be written as 

ds 2 = 2f 4 (dv + m){du + n) + (%eV , 
H = d(e~ A e+) + -E^e 1 A e j A e k , 

$ = $(y) , ' (1.3) 

where X = d/du and Y = d/dv. All the components of the torsion E are determined in 
terms of the geometry of spacetime. In particular, if G — Spin(7), Eijk = 0. If the stabil- 
ity subgroup of the spinors in K, we find that the geometry of the base space B is exactly 
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the same as that of the deformed manifold B for the backgrounds with K x M 8 -invariant 
spinors described above. As in the previous case, we analyze the integrability conditions 
of the Killing spinor equations and show that all the field equations are satisfied provided 
that one imposes the Bianchi identity of H, dH = and LH h = 0. 

We also investigate the dynamics of fundamental string probes in the above super- 
symmetric backgrounds. As an application of the geometry of N = N = 1 backgrounds, 
we show that conformal symmetry of the world-sheet action of strings propagating in 
N, N > 1 supersymmetric backgrounds can always be fixed in the light-cone gauge. In 
addition, we give the bosonic part of the light-cone world-sheet actions. Then we inves- 
tigate the relation between spacetime supersymmetry and the world-sheet chiral W^-type 
of currents of [24] for string probes. 

This paper has been organized as follows: In section two, we give the representatives 
of the Killing spinors and their stability subgroups in Spin(9, 1), and describe some 
of the properties of the Killing spinor form bilinears. In section three, we solve the 
Killing spinor equations of N = N = 1 type IIB supersymmetric backgrounds and 
we investigate the associated geometries. In section four, we solve the Killing spinor 
equations of N — N — 1 type IIA supersymmetric backgrounds and we investigate 
the associated geometries. In section five, we give the light-cone action of strings in 
type II backgrounds with N, N > 1 supersymmetry and in section six, we present our 
conclusions. In appendix A, we summarize the type II Killing spinor equations, their 
integrability conditions and the field equations of the theory. In appendix B, we evaluate 
the type IIA Killing spinor equations on a basis in the space of negative chirality spinors. 
This together with the results of [1] provides all the data one needs for the systematics 
of type II common sector. In appendix C, we summarize some of the properties of 
eight-dimensional manifolds with SU (4) and G 2 geometries. 

2 Spinors, holonomy and forms 

2.1 Holonomy, gauge symmetry and parallel spinors 

The spinor bundle of the IIB common sector is S + © S + and the Killing spinor equations 
are two copies of those of the heterotic string differing by the sign of the NS® NS three- 
form field strength, see (1.1). In particular, the gravitino Killing spinor equation is a 
parallel transport equation for the Spin(9, 1) x Spin{9, 1) connection V © V. The gauge 
group that preserves the Killing spinor equations is Spin(9, 1). This is in contrast to 
the heterotic case where the holonomy group of the connection of the gravitino Killing 
spinor equation coincides with the gauge group. Since the gauge group of the common 
sector is the same as that of the heterotic string but the dimension of the space of spinors 
is twice as large, there are many more cases to investigate than those examined for the 
heterotic string in [1]. 

The systematics of type IIB common sector Killing spinor equations can be read off 
from those of the heterotic string in [1]. This is because the representation of the Killing 
spinors is two copies of that of the heterotic string, i.e. A| 6 © A| 6 . In particular, the 
linear system of the first copy of the Killing spinor equations is exactly the same as that 
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of the heterotic string. The linear system of the second copy can be read off from that 
of the heterotic string by setting H — > —H. 

As a consequence, the conditions that each copy of the Killing spinor equations 
imposes on the geometry of spacetime can be found from those of the heterotic string 
in [1]. In particular, hol(V) C G and hol(V) C G, where G and G are the stability 
subgroups of the Killing spinors of each copy in Spin(9, 1). However, the geometry of 
spacetime depends on the conditions of both copies and in particular of the stability 
subgroup G of all Killing spinors in Spin(9, 1). In turn, G depends on the embedding of 
G and G in Spin(9, 1) up to a conjugation with a Spin{9, 1) gauge transformation. 

To illustrate the above analysis, consider the N = 2 IIB common sector backgrounds 
with N — N — 1. It has been shown in [1] that the Killing spinors can be chosen as 

e = /(l + ei23 4 ) , e = sri(l + ei234)+«5 , 2(l-ei234)+ 5'3(ei5 + e2345) , (2.1) 

where /, gi,g 2 and g% are spacetime functions. Both the spinor e and e are representa- 
tives of the Spin(7) x M 8 orbit of Spin(9, 1) in the Majorana-Weyl representation A^ 6 . 
Therefore G = G = Spin{7) x M 8 . The second spinor e has been constructed by decom- 
posing A| 6 under Spin(7) x R 8 representations and taking suitable representatives of the 
orbits. The stability subgroup of both spinors depends on the coefficients gi,g 2 an d g%- 
Note that if g% 7^ 0, one can set g\ = g 2 = by acting with an M 8 C Spin(7) x E 8 trans- 
formation which stabilizes e, see [1] for details. In table 1, we summarize the stability 
subgroups of the Killing spinors of N = 2 IIB common sector backgrounds. 



IIB,JV = 2 


G 


G 


G 


Spinors 




SU(4) x R 8 




su(4) x m 8 






G 2 




G 2 






Spin{7) x M 8 


Spin(7) x M 8 


Spin{7) x R 8 


9i ^ 0,5-2 = 93 = 




Spin(7) x M 8 


Spin{7) x M 8 


SU(4) x R 8 


9i,92 ^ 0,53 = 




Spin{7) x M 8 


Spin{7) x M 8 


G 2 


9i = 92 = 0, g 3 ^ 



Table 1: There are five classes of IIB common sector backgrounds with two supersymmetries 
up to Spin(9, 1) gauge transformations. These are denoted with the stability subgroups G, G 
and G of the Killing spinors. In all cases hol(V) C G and hol(V) C G. The entries — denote 
the cases for which the sector associated with the V connection does not admit Killing spinors. 
The last column gives the restrictions on the parameters of the second Killing spinor in (2.1). 

The Killing spinor equations of the type IIA common sector are somewhat different 
from those of the type IIB common sector. This is because the type IIA spinor bundle is 
S + © S~ and therefore is not just two copies of that of the heterotic string. Nevertheless, 
the systematics of the IIA common sector Killing spinor equations can again be read off 
from those of the heterotic string in [1]. In particular, the linear system for the first copy 
is identical to that of the heterotic string. The linear system of the second copy of the 
Killing spinor equations has also some similarities with that of the heterotic string and 
is given in appendix B. 

The analysis of the stability subgroups of spinors in the IIA common sector and their 
relation to the geometry is similar to the one we have presented for the IIB common 
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sector. However there are some differences due to the different representations of the 
Killing spinors. This can be seen in the N = 2 backgrounds with N — N — 1. One can 
again choose e = f(l + 61234). It remains to find representatives of the second spinor in 
A 16 up to Spin{7) x R 8 transformations which is the stability subgroup of e in Spm(9, 1). 
One can show that under Spin(7), A^" 6 decomposes as R © R 7 © A§ . The spinor that 
represents the singlet in the decomposition is proportional to e 5 + 612345. The stability 
subgroup of 1 + ei234 and e$ + 612345 is Spin{7) rather than Spin{7) x R 8 that appears 
in the IIB case. The second spinor can be written as e = g\{e^ + 612345) +62 + 63, 
where 62 and €3 lie in the seven and eight-dimensional representations respectively. If 
the component e 3 vanishes, then Spin{7) acts transitively on the sphere in R 7 and so the 
representative can be chosen to lie in any direction. In particular, one can choose as the 
second spinor e = 5 , i(e 5 + e 1 2345) + 292(65 — 612345). The stability subgroup of both spinors 
is SU(4). Next suppose that £3 does not vanish. To choose 63 observe that Spin{7) acts 
transitively on the sphere in Ag with stability subgroup G 2 . In turn G 2 acts transitively 
in R 7 with stability subgroup SU(3). To summarize, we have found that one can always 
choose the two Killing spinors as 

e = f(l + ei234) , e = £i(e 5 + 612345) +«02(e5 - 612345) +03(ei + e 2 34) ■ (2.2) 

There is one type of orbit of Spin(9, 1) in with stability subgroup Spin{7) x R 8 , 
thus the stability subgroup of either e or e is Spin(7) x R 8 , i.e. G = Spin(7) x R 8 and 
G = Spin(7) x R 8 . To find the stability subgroups of both e and e, observe that if g\ 7^ 0, 
the element 

g = e V2( 9 {+4) ^2.3) 

of Spin(9, 1) leaves invariant e and transforms the spinor <7i(es + 612345) +^2(65 — 612345) 
to e in (2.2), and similarly for g 2 7^ 0. Therefore, if either g± 7^ or g 2 7^ 0, one can 
always choose g^ = 0. This is in analogy with a similar result in type IIB [1]. The 
stability subgroups of e and e in the IIA common sector are summarized in table 2. 



IIA, N = 2 


G 


G 


G 


Spinors 




SU(A) x R 8 




5C/(4) x R 8 






G 2 




G 2 






Spin{7) x R 8 


5pm (7) x R 8 


Spin{7) 


517^0,92 = 93 = 




Spin (7) x R 8 


5pm (7) x R 8 


SU{A) 


9l,92 ^ 0,# 3 = 




Spin (7) x R 8 


Spin{7) x R 8 


G 2 x R 8 


9l = 92 = 0, 5-3 7^ 



Table 2: There are five classes of IIA common sector backgrounds with two supersymmetries. 
These are denoted with the stability subgroups G, G and G of the Killing spinors. In all cases 
hol(V) C G and hol(V) C G. The entries — denote the cases for which the copy associated 
with the V connection does not admit Killing spinors. The last column gives the restrictions 
on the parameters of the second Killing spinor in (2.2). 

The stability subgroups of the spinors in the type IIA and type IIB common sector 
backgrounds with two supersymmetries are different in all N, N 7^ cases. However, 
they are related by the interchange K <-> K x R 8 , where K = Spin(7), SU(4) and G 2 . 
We shall argue later that this is due to the type II T-duality. 
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2.2 Spacetime form bilinears 

There are three kinds of spacetime form spinor bilinears that one can construct for the 
type II common sector. One kind is the form bilinears that are constructed from V- 
parallel spinors. Another kind are those that are constructed from V-parallel spinors 
and the third kind are those which are constructed from one V- and one V-parallel 
spinor. We denote these bilinears with a, a and a, respectively. It is clear that 

V A d = , V A & = . (2.4) 

The bilinears a are not apparently parallel with neither V nor V connections. Instead, 
one finds that 

V A a = ^B(V A ^, r Bl ...B k v)e Bl A ... A e Bk + , T Bl ... Bk V A f))e Bl A ... A e Bk 

= -^^ 1 c 2 5(^{r^ ) r B ,.. Bfe } ? j)e Bl A...Ae^ . (2.5) 

The computation of the form bilinears can be done as for the heterotic string [1]. 

A special class of spinor bilinears are the one-forms. If k x and k Y are parallel one- 
forms with respect to the connections V and V, respectively, then the associated vector 
fields X and Y are Killing 

Cx9 = 0, Cyg = 0, (2.6) 

and 

dkx = ij{H , dky = —i Y H . (2.7) 

Since dH = 0, clearly C X H = C Y H = 0. 

As in the case of the heterotic string, the commutators of V- and V-parallel vector 
fields are determined in terms of H. In particular, one finds that 

[X, Y\ = i ± i Y E A e A , [X, Y] = -txt Y H A e A , 

[X,Y]=0. (2.8) 

Note that the commutator of V-parallel with V-parallel vector fields vanishes. This 
property is widely applicable because in all iV > 2, N, N > 1, backgrounds there is at 
least one V-parallel and one V-parallel vector field. However, these vector fields are not 
always linearly independent. In addition if X, Y and X, Y are V- and V-parallel, then 
and [X, Y\ are also V- and V-parallel, respectively [1]. 
Suppose that a and a are fc-forms, and that X and X are vector fields. Then, one 
can show using Vd = VX = Vd = VX = that 

(Cx&) Al ...A k = k(-l) k {i t H) B [Al a A2 ... Ak]B , 

(Cxa) Al ...A k = -k(-i) k (ixH) B [Al a A2m .. Ak]B , 

£ x a = £ x a = . (2.9) 

Therefore C x a = C x a = 0, iff the rotations of X and X, i x H and —i x H, leave invariant 
the forms a and a, respectively. 
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3 IIB N = 2 Backgrounds 



3.1 Backgrounds with Spin(7) K R 8 -invariant Killing spinors 
3.1.1 Supersymmetry conditions 

The conditions that the Killing spinor equations impose on the geometry of spacetime 
can be easily read off from those of the heterotic string for backgrounds with one su- 
persymmetry As we have explained, the Spin(7) x M 8 -invariant Killing spinors can be 
chosen as 



The conditions that are implied by the spinor e are exactly those of the N = 1 heterotic 
string backgrounds found in [1]. The conditions that are implied by the spinor e can 
be read off from those of the N — 1 heterotic string backgrounds after substituting 
H — > —H. Because of this, we shall not elaborate on the derivation of the linear system 
associated with the Killing spinor equations. The relation between linear systems and 
Killing spinor equations is explained in [21]. The linear system can be solved to give 



where we have used that /, g are defined up to an overall constant scale. The last three 
conditions above imply that the only non-vanishing components of the flux H are 
and they take values in spin(7) C so(8) = A 2 (M 8 ). Using a spin gauge transformation in 
the direction one can choose the gauge / = 1, which implies g — 1 as can be seen 
from the above equations. In this gauge, the Levi-Civita connection satisfies 



This simplifies the investigation of the geometry. The geometry of spacetime is indepen- 
dent of the choice of gauge. 

3.1.2 The geometry of spacetime 

The linearly independent spacetime form bilinears constructed from the Killing spinors 
e — f(l + 61234) = e, after an appropriate normalization, are 



e = /(l + ei 234 ) , e = g(l + e 12 3i) ■ 



(3.1) 




(3.2) 



Qa,+b — . 



(3.3) 



k = «(c, e) = f\e° - e 5 ) , r = r(e, e) = / 2 (e° — e 5 ) A , 



(3.4) 



where 



= Rex - - 



uj A io , 



(3.5) 
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is a 5pm (7) -invariant form, x — ( e * + ^e 6 ) A ( e2 + ^e 7 ) A (e 3 + ie 8 ) A (e 4 + ie 9 ) and 
c<j = — (e 1 A e 6 + e 2 A e 7 + e 3 A e 8 + e 4 A e 9 ). Clearly a = a, where a and a denote 
collectively all the bilinears constructed from (e, e) and (e, e), respectively. 

As we have already explained, Vd = Vd = 0. Furthermore, in the gauge / = g = 1, 
a = a = a. This implies that a is also parallel with respect to the Levi-Civita connection. 
In particular, one finds that 

V a kb = , V A (pijki = , (3.6) 

where i,j = 1,2,3,4,6,7,8,9. The former condition can also be easily seen from (3.3). 
Therefore the holonomy of the Levi-Civita connection, V, is contained in Spin(7) ix R s , 
hol(V) C Spin(7) k M 8 . 

A consequence of this is that the vector field X associated with k = e~ is rotation 
free. If one adapts coordinates along X, X = d/du, and uses that X is rotation free, 
then e~ = dv and the metric, flux and dilaton can be written as 

ds 2 = 2e~e + + 5 ij e i e j = Idvidu + Vdv + nidy 1 ) + gijdy 1 ' dy J , 

H = Wf^e- Ae ! A e j , 

Z 

$ = , (3.7) 

where all the components of the fields depend on v, y and as is indicated H_ij takes 
values in spin(7). 

The spacetime is a pp-wave propagating in an eight-dimensional Spin(7) manifold B 
given by u, v = const. The holonomy of the Levi-Civita connection of B, V, is contained 
in Spin(7), hol(V) C Spin(7). Alternatively, the spacetime can be thought of as a 
two-parameter 4 Lorentzian family of eight-dimensional Spin (7) holonomy manifolds B. 

3.1.3 Field equations 

The integrability conditions of the Killing spinor equations have been given in appendix 
A. As is well-known, these can be used to find which field equations are implied as a 
consequence of the Killing spinor equations. A straightforward calculation using the 
equations in appendix A and the results in appendix B reveals that if one imposes 

dH = , = , (3.8) 

then all the rest of the field equations are implied. This is the case for all the N = N = 
1 supersymmetric common sector backgrounds which admit K K M 8 -invariant Killing 
spinors. As the proof is very similar for the other cases we shall not repeat the analysis 
in each case. 

3.2 Backgrounds with SU(4) K M 8 -invariant Killing spinors 
3.2.1 Supersymmetry conditions 

The SU (4) x M 8 -invariant Killing spinors can be chosen as 

e = /(l + e 1234 ) , e = (gi + ig 2 )l + (gi - ig 2 )ei234 ■ (3.9) 
4 The geometry of B depends non-trivially only on v. 
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The linear system associated with the above Killing spinors can be easily derived from 
the heterotic supergravity results of [1] so we shall not give further details. The solution 
of the linear system can be written as 

&A,+B = , H + AB = , ^A,a a = 0, 

9a(9i + m) + ^A, a a (gi + 192) = , 

1 

= , ck$ - hl-J + ^tf/ws^ 3 * = , 
9id g p+ % -g 2 H Sl ff = 0, (3.10) 

where for simplicity we have chosen the gauge / = 1 and a, (3, 7, 5 = 1,2,3,4. This 
gauge can always be attained using a local Spin(9, 1) transformation in the direction of 

r-+. 

Next observe that the condition d A (gi + W2) + Q A , a a (gi + W2) = implies that 
9 A (gf + g%) = 0- Since the Killing spinors are determined up to an overall constant, we 
can set g\ + g\ — 1. In turn, we can write 

ld A \ + {l A , a a = , g 1+ ig 2 = e lX . (3.11) 

Using this and (3.10), we find that some of the components of the fluxes can be expressed 
in terms of the geometry as 

H +AB = , Hp M e^\ = -6d a ($ + iX) , H Aa a = —2id A X , 

a a [* - log cos a] = , <9+$ = , 

H **f> = ^["l 1 + ^ X )Sl A , M + tt A ,^ 2 e^\p] , A' = -, 7 • (3.12) 
In addition, we find the conditions 

Ma,+b = , id A X + = , d + X = , Vt +ta p = , 

-(1 + e 2U )[2Q^^ 2 ^ 3 - ttfafafa ~ ^feftft] + 2 ^/3 1 ,75e 7<5 /3 2 /3 3 ~ ^/3 3 ,7S e7<5 /3i/3 2 _ ^fcrf^fcfc = > 

^ l + 2sin 2 A a 

"/3, a = r^TT C„A , 

sm 2 A . 

n ftlftA e ftftft S = — r—rdaX , (3.13) 
sm A 

on the geometry of spacetime. If one does not choose the gauge / = 1, then it is easy to 
see that f~ 1 (gi + ig2) = e iA and that £Ia,+- does not vanish but is pure gauge. Otherwise 
the rest of the equations are not affected. 

3.2.2 The geometry of spacetime 

The spacetime forms a associated with the spinor e have been computed in (3.4). After 
an appropriate normalization that we suppress, the remaining ones are 

re(e, e) = e° - e 5 , re(e, e) = cos A (e° - e 5 ) , £ (e, e) = sin A (e° - e 5 ) A u , 
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r(e, e) = (e° - e 5 ) A [Re(e 2 * A X ) -±u>Au>], 

r(e, e) = (e° - e 5 ) A Re[e lA ( X - i w A u)] , (3.14) 

where x= (e 1 + ie 6 ) A . . . A (e 4 + ie 9 ) and u = — (e 1 A e 6 + e 2 A e 7 + e 3 A e 8 + e 4 A e 9 ). The 
Hermit ian-type of form gives rise to an endomorphism I of the tangent bundle of the 
spacetime which can be identified with an almost complex structure transverse to the 
light-cone directions. The conditions on the geometry can then be written in a covariant 

way as 

V A e~ = , R K AB = , V x uij = , 

cos A[V^] 20 + 2 ° + l -[[{d^ + d^ 2 ) • Re X % fe r+ 2 ° = , 

du 3 >° + dco ' 3 = -—^-i dX Im X X 
2 sm A 

Oi = -duJ jki u jk = _ 2 1 + 2sm X qx , (3.15) 
2 3 sin2A V ; 

where e~ = ^75 ( — e° + e 5 ), x A — e * A X) gL> 3 ' denotes the (3,0)-part of cLu with respect to 
/ and similarly for duo ' 3 , duo 2 ' 1 and du 1 ' 2 , and k = 1,2,3,4,6,7,8,9. We have also 
used the decomposition of tensors in SU (4) representations and 

(c^ 2 - 1 • Re X % k = l -(du 2 < l ) tmn { X X ) mn ]k ■ (3.16) 

The condition R AB = implies that the curvature of the canonical bundle of the space- 
time vanishes and this is derived as an integrability condition of ic^A + ^A,a a = 0. The 
one-form e~ is parallel with respect to the Levi-Civita connection. Therefore the asso- 
ciated vector field X = e + is null, Killing and rotation free. Adapting coordinates along 
X, X = d/du, and using some of the conditions, the metric and three-form H can be 
written as 

ds 2 = 2e~e + + b^e 1 = 2dv(du + Vdv + n) + gijdy 1 ' dy J , 

H = U d *- dl xRe X - cot A[(do;) 1 ' 2 + (du;) 2 ' 1 ] - — ?— ( V + W 2 ) ■ Re X x 
2 2 sm A o 

- e" A fcot A V_cj H V_cj • Rev A l + -e~ A cjcLA + -i? 1 ^ - A e i A e j , 

L 2 sin A 2 2 u 

e* = £(*;) cos A , (3.17) 
where 

(Wi • Re X A ) a ^- = l^U^Reix^^s , (3.18) 

the classes W\ and ty 2 are defined in appendix C and dj is the exterior derivative with 
respect to the endomorphism /. The only component of H that is not determined in 
terms of the geometry is = H^. The expression for the flux H depends on the 

trivialization of the canonical bundle A. All the components of the metric and fluxes are 
independent of the coordinate u. 
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The spacetime is a pp-wave propagating in a manifold B with an SU(4) structure 
given by v, u — const. Alternatively, it can be seen as a Lorentzian two-parameter family 
of B. The geometry of B can be easily described by restricting the conditions we have 
presented in (3.15) on B. In particular we have that V aX X — implies that 

2W^ - W£ = , (3.19) 

where W 5 denotes the restriction of the forms that define the class W 5 on B and similarly 
for the rest. In addition, W\ and W A are specified in terms of d\ as 

Wi = -—^-i dX Im X X , 
2 sin A 

W, = -2 1 + 2ai f X dX . (3.20) 
sin2A V ; 



Finally, we have 



2 cos A W 2 + -[W 3 ■ Rex A ] 20+2 "° = . (3.21) 



Therefore the eight-manifold B is almost hermitian with trivial canonical bundle. 



3.3 Backgrounds with GVinvariant Killing spinors 
3.3.1 Supersymmetry conditions 

We have seen that the G^-invariant Killing spinors can be chosen as 

e = /(l + ei234) , ^ = g(e 15 + 62345) ■ (3.22) 

The local Spin(9, 1) transformations along the T + _ direction scale the Killing spinors as 
e — > it and e — > i~ 1 e. Therefore one can choose the gauge f — g. In what follows, we shall 
present our results in this gauge. Of course the geometry of spacetime is independent of 
the choice of gauge. 

The linear system for the above G 2 -mvariant spinors can be easily constructed from 
that of the heterotic backgrounds with G 2 -invariant Killing spinors [1]. The only differ- 
ence is that one has to replace H with —H in the conditions that arise from the second 
Killing spinor e. Because of this, we shall not give further details. After some computa- 
tion, the conditions that arise from the gravitino Killing spinor equations can be written 
as 

2d A \ogf 2 -H A _ + = , Va(/V) = 0, Va(/V) = 0, 

Hah + ^V^;« * ^ kl i = , V A Z { - l -H Ajk ^\ = , (3.23) 

and the conditions that arise from the dilatino Killing spinor equation are 

d+$ = d-<S> = 0, H- U + \e-m^\ = , H +li - \H +kl y k \ = , 
H jkl * = , 2g>!$ - \H ijk ^ k - H_ +1 = , 
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2,9,$ + l -H lklV k \ - H_ +l = , (3.24) 

where i,j,k = 2,3,4,6,7,8,9, = Re x + e 6 A u> is the G 2 -invariant three-form, x — 
(e 2 + ie 7 ) A (e 3 + ie 8 ) A (e 4 + ie 9 ), Co = -(e 2 A e 7 + e 3 A e 8 + e 4 A e 9 ) and Z = e x . The 
dual -kip of ip is taken with respect to rfvol = e 2 A e 3 A e 4 A e 6 A e 7 A e 8 A e 9 . 

3.3.2 The geometry of spacetime 

The spacetime form bilinears of the spinor e have been presented in (3.4). The rest of 
the form bilinears are 

«(e,e) = -/V, K (e,e) = / 2 (e° + e 5 ) , £(e, e) = / 2 [Rex + e 6 A w - e° A e 1 A e 5 ] , 
r(e, e) = / 2 [-Rex A e° A e 5 + Imx A e 1 A e 6 + -e 1 A Co A - Co A e° A e 5 A e 6 ] , 

r(e, e) = -/ 2 (e° + e 5 ) A [e 1 A Rex + e 6 A Imx + \& A Co + Co A e 1 A e 6 ] . (3.25) 

It is clear from (3.23) that re(e, e) and /c(e, e) are parallel with respect to the V and V 
connections, respectively, as may have been expected from the general arguments we 
have presented in section two. In fact, a more detailed analysis reveals that hol(V) C 
Spin(7) x M 8 and hol(V) C Spin(7) x M 8 . These holonomy groups are embedded in 
Spin(9, 1) in different ways. This can also be seen by comparing r(e, e) and r(e, e). 
To solve the conditions (3.23) and (3.24) observe that under G 2 the flux H decomposes 

as 

Habc , H abi , H aij , H ijk , a, b, c = +, -, 1 , i, j, k = 2, 3, 4, 6, 7, 8, 9 . (3.26) 

In addition the space of two- and three-forms decomposes as A 2 (M 7 ) = A| © A\ 4 and 
A 3 (R 7 ) = A 3 © A 3 ©A 3 7 , respectively, where A\ 4 = g 2 - The conditions (3.23) and (3.24) 
determine all the components of H in terms of the geometry apart from H^fj and H+fj. 
Let X,X and Z be the vector fields associated with the bi-linears f 2 e~, f 2 e + and e 1 , 
i.e. X = f 2 e + , X = / 2 e_ and Z = e\. One then finds that 

2<9x log/ 2 - = , H_ u + 2V^Z t = , H +li - 2V + Z t = , 

2d t log f - H t _ + = , H Uj + ^V [t p mnp * ip j]mnp = , V + Z t - \H +jk ^\ = , 

V-Z t - - A H_ jk tp>\ = , H ijk = -lv,ZViifc + , <9_$ = <9 + $ = ,(3.27) 

where Zij = V^Zj). In addition, the conditions on the geometry are 

V A X B = V A Y B = , Vi^-w * ifP M i = , V {i ip mnp * cp j)mnp = , 
8V 1 Z i + V p V r. = , ^-fjki * ^ kl i + V_Z, = , 
^V + ^- fcI * ^ - V+Z, = , V^Z,-] = , 

9 1 ($-log/ 2 )-^V i Z i = 0, 29 i ($-log/ 2 )-iv p ^ fc ^ = . (3.28) 
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As we have already mentioned, the conditions on the geometry imply that X,X 
are parallel with respect to the V and V connections, respectively. This implies that 
X,X are Killing, commute [-X", -X"] = and their rotations are given in terms of H 
as dkx = ij(H and dky = —i Y H, see section two. In addition, it turns out that 
[X, Z] = [X, Z] = but Z is not Killing. Because of this, it is convenient to consider the 
spacetime as a fibration over an eight-dimensional space B with fibres given by the orbits 
of X, X. The base space B admits a GVstructure which we shall specify. Introducing 
coordinates adapted to the vectors fields X,X and Z, i.e. X = d/du, X = d/dv and 
Z = d/dx, one can write the metric and the three-form as 

ds 2 = 2f A (du + n i e i )(dv + ra^) + (dx + ii^f + <^e* 7 e J jdy 1 'dy J 
H = d(e- A e + ) - ^ V[^ mnp * ip j]mnp e 1 A e l A e 3 

+ [-— VjZVo-fc + \Zp[i<fjkfi e* A e J A e fc , 

$ = " (3.29) 

where 

e + = fidu + me*) , e~ = fidv + rme') , e 1 = dx + , (3.30) 

and all components of the metric and fluxes are independent of u, v. The components 
m, n of the metric are not arbitrary. In particular, they are related to the rotation of 
X,X which in turn is related to Z as can be seen by the conditions in (3.27). 

It remains to find the conditions that supersymmetry imposes on the eight-dimensional 
base space B of the fibration. B admits a G^-structure. The different G2-structures of 
an eight-dimensional manifold are described in appendix C. It is clear that the conditions 
(3.28) imply that 

W = 0, X 2 = X 3 = , W 4 = , 4X + 3W 2 = , 

3^($ - log/ 2 ) - X ± = , 4^($ - log/ 2 ) - 3W 2 = , (3.31) 

where W 2 is represented by the Lee form 5 

0i = ^VVfi , (3.32) 

W denotes the projection on the base space B of W and similarly for the rest of the 
classes. The components are determined by the classes X\ and X4 while the compo- 
nent Hnj is determined by W 2 and W3. Observe that if e* = / 2 , then W 2 — X — X\ — 0. 

3.3.3 Field equations 

To find the field equations that are implied by the Killing spinor equations, one can use 
the integrability conditions in appendix A and the results in appendix B. A straightfor- 
ward calculation reveals that if one imposes 

dH = , LH_ + = , (3.33) 
5 In terms of seven-dimensional data 8 = — \ * (-kdip A ip). 
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then all the rest of the field equations are implied. This is the case for all the N — N — 1 
super symmetric common sector backgrounds which admit .fT-invariant Killing spinors. 
As the proof is very similar for the other cases we shall not repeat the analysis in each 
case. 

4 IIA N = 2 backgrounds 

4.1 Backgrounds with 5pm(7)-invariant spinors 

We have shown in section two that the 5pm(7)-invariant Killing spinors can be written 

as 



e = f(l + e 1234 ) , e = 5f(e 5 + e 123 4 5 ) . (4.1) 

Observe that e is an even-degree form while e is an odd-degree form. This is because 
the Killing spinors of the two copies of the IIA Killing spinor equations have opposite 
chirality. The linear system associated with these Killing spinors can be constructed 
from that of [1] and the results in appendix B. Under local Spin(9, 1) transformations 
in the direction r + _, the spinors transform as e — > £e and e — > l~ 1 e. This symmetry can 
be fixed by setting f — g. It turns out that this is a convenient gauge to use for our 
investigation. The geometry of spacetime does not depend on the choice of gauge. 

The linear system associated with the IIA Killing spinor equations for the e and e 
spinors can be solved to give 

0!,-+ = o , 2d A iog(f) + H A+ . = o , n A , a a = o , 

d + <& = , H +a a = , - H +de p + -H+ys^ap — > 
d^ = 0, H_ a a = 0, - H_ a0 + l -H^ s ^ = , 
H ijk = , - = . (4.2) 

These conditions can be rewritten in a covariant way as 

V(/V) = , V(/V) = , VA&jki = o , 
9+$ = <9_$ = , d+f 2 = d.f = , 

1 1 

—H_ i:j + -H_ k i<p ij — , - H +ij + -H +k i<p ij — , 

H ijk = , d&- = , (4.3) 

where is the S]9m(7)-invariant four-form defined in section three. It remains to examine 
the restrictions on the geometry of spacetime imposed by the above conditions. 
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4.1.1 The geometry of spacetime 

The spinor bilinears of e have already been computed in the IIB case. The spinor bi- 
linears of e can be computed from those of e by replacing e~ with e + . It remains to 
compute the spacetime forms associated with (e, e). After an additional normalization 
of the spinors with 1 / \/2, one finds 

a(e,e) = -f, (3(e, e) = f e° A e 5 , p(e, e) = -f , (4.4) 

where is the Spm(7)-invariant form in section three. In contrast to the IIB case, the 
Killing spinors have a non-degenerate inner product. 

A consequence of the supersymmetry conditions (4.3) is that the vector fields X = 
f 2 e + and X = / 2 e_ are Killing and commute [AT,X] = 0. Adapting coordinates along 
X and X, X — d/du, X = d/dv, the metric, torsion and dilaton can be written as 

ds 2 = 2f 4 (dv + m)(du + n) + (%eV , 
H = d(e' A e+) , 

e* = f , (4.5) 

where e~ = f 2 (dv + m) and e + = f 2 (du + n), and all fields are independent of u, v. The 
components m,n are not arbitrary. In particular, the conditions on H in (4.3) require 
that dm and dn take values in spin(7). Clearly the spacetime is a rank two fibre bundle 
with fibre given by the orbits of X and X and with base space B a Spin{7) manifold, 
i.e. hol(V) C Spin{7). 

The Bianchi identity for H is automatically satisfied. So, as we have explained in 

section three, it remains to impose the field equation LH h = 0. This specifies /. In 

particular, it implies that f~ A is a harmonic function on B. Therefore the spacetime 
can be thought of as a generalization of a fundamental string of [22] with rotation and 
wrapping, and with transverse space the Spin(7) manifold B. 

4.2 Backgrounds with S'[/(4)-invariant spinors 

It has been shown in section two that the Killing spinors can be chosen as 

e = /(l + e^) , e = 9i(e 5 + e 12 3^) + m(e 5 - e 123 45) ■ (4.6) 

The linear system associated with the Killing spinor equations for these spinors can be 
easily constructed from the results of [1] and those in appendix B. So we shall not give 
more details. 

It is convenient to express the solution of the linear system in the gauge f — 1. 
This is attained with a local Spin(9, 1) transformation in the T + _ direction. After some 
computation, and setting g± + g 2 — g 2 e tX , we find that the solution of the linear system 
can be written as 

Q Ata a = ^H Aa a = -id A \ , &a,+b = , d A logg 2 - £Ia,-+ = , & A ,- a = , 
9+$ = a.$ = , H_ a a = H +a a = , = g 2 cos A , 
% ftft e ftftft S = -e^QogcosA + A) , 
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— (1 + e 2jA )(2f2 Si/ ^ — fi^ j(5/ 3 — fi^^a) + 2f2 (5i( 5 1 5 2 e <5l<52 ( g^ — f2^ )(5l( 5 2 e 5l52 (5( g — Q^ Sl&2 e SlS2 — > 
-2Q +> ^ + n + ^ S ^ = , -2Q_^ + e- 2a Q_, 75 e^^ = , 

In turn, these conditions can be solved to express the fluxes in terms of the geometry 

hi Aa a = -id A \ , H^ a a = H +a a = , e* = g 2 cos A , 
H^ 2 ^^ & = -69 a (logcosA + iA) , 

= parry Hi + e2iA K,^ + sw^^l , 

^-,a/3 — 2~H-af3 = , + -jH +a p = , (4.8) 

and to find the conditions 

= , id A \ + £l A>a a = , ^ log (? 2 - Oi,- + = , 

= , - 2Q + ^ + n +>7 *e>%0 = , -2n_^ + e-^n-^e^ = , 

— (1 + e 2lA )(2f^^ — £Xy )6/ g — ^/3,7«) + 2^,5! 5 2 e 5l<52 / 3^ — f^ )< 5 1< 5 2 e ,5l<52 , 5/ 3 — ^ 1 a,5 1 <5 2 e' 5l52 7a = , 

^ l + 2sin 2 A a 
" A * = sin2A ^ ' 

= r—r <9qA , (4.9) 
sin A 

on the geometry of spacetime. It is clear that the conditions we have found resemble 
those of the SU (4) x R 8 backgrounds of the type IIB common sector. 

4.2.1 The geometry of spacetime 

The spacetime forms a associated with the spinor e have been computed in (3.4). Simi- 
larly, the spacetime forms of e can be easily constructed from those of the second spinor 
in the SU (4) k R 8 case. The remaining spacetime form spinor bilinears are 

a(e, e) = -g 1 , f3(e, e) = g x e° A e 5 — g 2 u , 
p(e, e) = g 2 e° Ae 5 Aw + - gi u A u - g^ex + g 2 ^X , (4.10) 

where u and \ are defined as in section three. The conditions on the geometry can now 
be written in a covariant way as 

V A e" = , V A (g 2 e + ) = , R K AB = , V+u^- = , V_u^ = , 
V+0 = , V_0 2A = , 

cos A[V^ fc ] 20+2 ° + \[[{d^ + do; 1 - 2 ) • Re X A ]^] 20+2 ° = , 

du; 3 ' + gL> ' 3 = -— *— i dA Imx A 
2 sin A 

0, = ±<L^' fc = -2 1 + 2S1 " A ^A , (4.11) 
z sin / A 
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where R K is the curvature of the canonical bundle whose condition arises as the integra- 
bility condition of id A \ + fl A , a a = and 2A = Re(e 2lX x) — \w A uo. The explanation for 
the rest of the notation can be found in the type IIB 577(4) x M 8 case in section three. 

The conditions on the geometry imply that the vector fields X = e + and X = g 2 e_ 
are V- and V- parallel, respectively. Therefore they are Killing and = 0. After 

adapting coordinates along these Killing vector fields, X = d/du and X = d/dv, and 
after some computation, the spacetime metric torsion and dilaton can be written as 

ds 2 = 2f A (dv + n)(du + m) + 5 ij e i I ejdy I dy J 

H = d{er A e+) + h d z- dlX Re X - cot X^du;) 1 ' 2 + (du) 2 ' 1 ] - — L_( + W 2 ) ■ Re X X 
z z sin A o 

$ = / 4 (y)cosA(y) , (4.12) 

where we have set g — f 2 and all the fields are independent of the coordinates u, v. 

The spacetime is a fibre bundle with fibre given by the orbits of X and X and with 
base space an eight-dimensional space B. The geometry of B can be easily described 
using (4.11). It turns out that one finds the same conditions as those on the transverse 
space B of the pp-wave spacetime of iV = 2 IIB backgrounds with SU (4) x M 8 -invariant 
spinors (3.19)-(3.21). 

4.3 Backgrounds with G2 x M 8 - invariant spinors 

4.3.1 Supersymmetry conditions 

As we have demonstrated in section two, the Killing spinors can be chosen as, 

e = /(l + ei234), e = g(e 1 + e 23 4) • (4.13) 

The linear system associated with the Killing spinor equations for these spinors can be 
easily constructed using the results of [1] and those in appendix B. To solve the linear 
system, it is convenient to work in the gauge / = 1 which as we have explained is attained 
by a local Spin(9, 1) transformation. Then after some computation, the solution of the 
linear system can be written as 

V A e~ = , ^V A fjki * ¥ jH i + H A u = , 

V A Zi - -H Ajk ip jk i = , g = f =1 , 
<9+$ = , H m * ^ = , H +AB = , 

2g>!$ - X -H 3kl ^ kl = , 2(9,$ + \H ljk ^\ = , (4.14) 

where Z — e±. The rest of the notation is described in the G 2 case of section three where 
one can also find the definition of the GVinvariant three-form tp. It remains to solve 
these conditions to determine the restrictions on the geometry and fluxes. 

4.3.2 The geometry of spacetime 

The form spinor bilinears of (e, e) have already been computed. The form bilinears of 
(e, e) can be computed from those of (e 51 + e 52 34, e 5 i + e 52 34) by replacing with e + . So 
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the only new form spinor bilinears are those of (e, e). It is easy to see after an additional 
normalization of the spinors that 

a(e,e) = 0, @(e, e) = (e° — e 5 ) A e 1 , p(e, e) = -(e° - e 5 ) A y? . (4.15) 

The supersymmetry conditions (4.14) can be solved to express some of the fluxes in 
terms of the geometry 

H +AB = 0, H- U = -±V-<p jkl *<p ikl i, Hlij = l^-Zk^ij , <9 + $ = 0, 

I ~ \ 

Huj = — — V[iV? m -k ifj]kim , H ijk = —-ViZ ipi jk + 3Zp[i(fPj k ] , (4.16) 

and to find the conditions 

V A e~ = , Vi^-M * ^ = , V+ipjM * ^' fc, i = , 

V (i ^' fc ' * y? m) ,M = , 8V ± Z t + V> mJ V*i = , V+Z, = , V^-j = , 
9l $ _ I Vi ^ = , 2,9,$ - \v l Vljk ^ k i = , (4.17) 

on the geometry of spacetime. It is clear from the above geometric conditions that the 
null vector field X = e + is parallel with respect to the Levi-Civita connection. This 
implies that X is Killing and rotation free. Adapting coordinates along X = d/du, the 
metric and torsion can be written as 

ds 2 = 2dv(du + Vdv + n) + S^e^dy 1 dy J 

H = --^ V-ifjki * V jH i e" A e 1 A e i + ^7-Z k <p k ij e~ A e* A e j 

+ \e\% e-Ae'A e? - ^ {i <p klm * <p j]klm e 1 A e i A e j 

+ [-—ViZ l ip ijk + -Z p ^ jk] \ e l A e j A e k , 
* = *(v,y), (4.18) 

where e~ = dv and e + = (du + Kcb + n), and all the fields are independent of the 
coordinate u. Therefore the only component of H that is not determined in terms of the 
geometry is H^fj. 

The spacetime is a pp-wave propagating in the transverse space B defined by u, v — 
const. Alternatively, it can be interpreted as a Lorentzian deformation family of B. 
The manifold B is an eight-dimensional manifold equipped with a (^-structure. The 
geometry of such manifolds has been described in appendix C. It is straightforward to 
find the conditions that supersymmetry imposes on the G^-structure of B. In particular, 
one finds that 

W = , X 2 = X 3 = , W 4 = , 4X + 3W 2 = , 

3<9!<l - X ± = , 4<9;<l - 3W 2 = , (4.19) 

where W denotes the restriction of W on B and similarly for the rest of the classes. 
So up to a redefinition of the dilaton, B has the same geometry as the base space of 
the fibration that arises in the N = 2 supersymmetric backgrounds with (^-invariant 
spinors in the type IIB common sector (3.31). 
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5 Type II strings in N = 2 backgrounds 



5.1 Light-cone gauge fixing 

As an application of our results, we shall show that one can always gauge fix the world- 
volume action of a string propagating in N, N > 1 supersymmetric backgrounds in the 
light-cone gauge. Since the N, N > 1 supersymmetric backgrounds are special cases of 
the N — N — 1 ones, it suffices to demonstrate this for the latter. The details of the 
gauge fixing procedure depend on whether the stability subgroup of the Killing spinors 
is K or K k M 8 . First let us consider the latter case. After putting the world-sheet 
metric in conformal gauge, the bosonic part of the Lagrangian of a string propagating 
in background (1.2) is 

L = d^vid^ + Vd^ + im + b^d^^+d^id^u + Vd^v + iru-b^d^y 1 ) 

+(9u + b I j)d ¥ y I d = y J , (5.1) 

where the partial derivatives d=,d ¥ have been taken with respect to the world- volume 
light-cone coordinates <r = , of the string and we have identified the embedding map of 
the string with the spacetime coordinates. It is well-known that this action is invariant 
under the conformal transformations Sy M = a(a^)d^y M + f3(a = )d=y M , where a, (3 are 
infinitesimal parameters. It remains to fix this residual symmetry in the light-cone 
gauge, see e.g. [23]. For this, observe that the equation of motion for u implies that 
d^d=v = 0, i.e. v is a free boson. Then, one can choose as the light-cone gauge condition 
v = pipU^ + p=cr = , where pi F -,p= are constants 6 . The light-cone Lagrangian reads 

L\. c . = {gu + bj^d^d^ + 2p ¥ p = V + p ¥ (m + b^y 1 + p = (m - b^y 1 , (5.2) 

where H = db and b = bie~ A e % + ^b^e 1 A e J . As usual, the u component of the 
embedding is determined by the vanishing of the two-dimensional energy-momentum 
tensor = T == = in terms of y 1 . 

The light-cone gauge fixing of strings propagating in the background (1.3) is some- 
what different. After writing the world-sheet metric in conformal gauge, the bosonic 
part of the Lagrangian of a string propagating in the background (1.3) is 

L = 2f\d^v + m J 9 4=J / J )(9 = « + n^y 1 ) + (g u + bj^y'd^ J . (5.3) 

The equations of motion for u, v imply that 

d = [f\d^v + mjd^y 1 )] = , d^[f\d = u + n^y 1 )} = . (5.4) 

Therefore, the theory has two chiral U{\) currents = f 4 (d^v + mjd^y 1 ) and J= = 
/ 4 (i9 = -u + riid^ 1 ). The light-cone gauge fixing condition is chosen as 

4 = f , j = = y> (5 - 5) 



6 If the string does not wrap around a circle, one takes — p = — - 



2' 
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where p^,p= are constants. The energy momentum conditions = T-= = imply 
that 

p^(d^u + n I d^y I ) + -fijd^y 1 ' d^y J = , 

p={d=v + m^y 1 ) + 'y IJ d = y I d = y J = . (5.6) 

Therefore, the light-cone gauge fixing conditions together with = T== = determine 
u, v in terms of y. Finally, the light-cone action of y is 

Lie. = {gu + M<9^ 7 d = i/ J - ^P=P^f~ A + p^jd^y 1 + p^n^y 1 . (5.7) 

Observe the similarity of the light-cone actions (5.2) and (5.7). This similarity is due to 
the T-duality between these type II backgrounds. 

To summarize, the conformal symmetry of the world-sheet action of the string can 
be fixed in the light-cone gauge for all backgrounds with N,N >1 supersymmetry. This 
does not extend to generic N > 2 backgrounds with either N = or N = 0. A similar 
argument to the one we have used above reveals that for those backgrounds only part of 
the conformal symmetry of the string world-sheet action can be fixed in the light-cone 
gauge, see [1]. 

5.2 Spacetime supersymmetries and world-sheet W-symmetries 

One of the questions that arises is the relation between the symmetries of the string 
world-sheet action and the spacetime supersymmetry of the background in which the 
string propagates. First, let us focus on the relation between world-sheet and spacetime 
supersymmetry. As we have seen the eight-dimensional manifold B associated with 
N — N — 1 supersymmetric backgrounds has either Spin(7), SU(4) or G 2 geometry. At 
first sight this may suggest that the world-sheet action could admit (1,1) supersymmetry 
which might enhance in the SU(4) case to at least (2,1) or (1,2). Indeed before light-cone 
gauge fixing, it is straightforward to write the world-volume string action in terms of (1,1) 
superfields, see e.g. [23] and references therein. Moreover, there is a W-type of conserved 
current for every V- or V-parallel form constructed from the Killing spinor bilinears a 
and a [24]. Choosing the (super) conformal gauge for the world-sheet geometry, the string 
Lagrangian can be written as 

L = (g + b) MN D + Y M D„Y N (5.8) 

in terms of (1,1) superfields Y. The currents are 

J = & Ml ...M k D + Y Ml . . . D + Y Mk , J = a Ml ...M k D_Y Ml . . . DJY Mk , (5.9) 

and are conserved, LLJ = and D + J = 0, subject to field equations, where D + and 
D- are superspace derivatives, and D 2 _ = id= and D\ = id^. 

The bilinears a constructed from one V- and one V-parallel spinor are not associated 
with conserved world-sheet currents even though, as we have seen, they are instrumen- 
tal in understanding the geometry of the supersymmetric supergravity backgrounds. 
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Applying this to the backgrounds with either S77(4)- or SU(A) x K 8 -invariant spinors, 
one concludes that the world-sheet supersymmetry does not enhance to either (2,1) or 
(1,2). This is because there is not a conserved current associated with the additional 
supersymmetry. Therefore this geometry is different from that found in the context of 
two-dimensional sigma models in [25]. 

After light-cone gauge fixing, the world-sheet supersymmetry of the light-cone action 
is not apparent. For example, the world-sheet light-cone action for the pp-wave type 
of backgrounds for which d/dv is not Killing has an explicit dependence on the world- 
volume coordinates <7 = ,crK Therefore it cannot be supersymmetric. In addition, the 
light-cone actions (5.2) and (5.7) have scalar potential terms. To see whether these are 
compatible with world-sheet supersymmetry, first observe that B does not necessarily 
admit a Killing vector field and then compare the scalar potential terms with those 
of (l,l)-supersymmetric sigma models with torsion found in [26]. Compatibility would 
require that there was a function h such that \dh\ 2 = U, where U = —2p^p = V or U — 
\p^p=f~ A . So supersymmetrization of the world-sheet action depends on the existence 
of h. 

6 Concluding remarks 

We have determined the geometry of all type II common sector N = 2 backgrounds. In 
particular, we have shown that the stability subgroups of the Killing spinors in Spin(9, 1) 
for the type II A backgrounds are SU(4) x R 8 (N = 2, N = 0), G 2 (N = 2, N = 0), 
Spin(7\ (N = 1,N = 1), SU(4) (N — 1,N — 1) and G 2 x R 8 (N = 1, N = 1), 
where N and N denote the positive and negative chirality Killing spinors, respectively. 
The backgrounds with N = are embeddings of N = 2 backgrounds of the heterotic 
string and their geometries have been analyzed in [1]. The spacetime of backgrounds 
with Spin(7)- and SU (4)-invariant Killing spinors is a fibre bundle with fibre directions 
given by the orbits of two null commuting Killing vectors and with base space B an 
eight-dimensional manifold with a Spin(7)- and an S'f/(4)-structure, respectively. In 
particular, in the SU(4) case the almost complex structure of B is not integrable and 
the the fluxes depend on the trivialization of the canonical bundle. The spacetime of 
backgrounds with G 2 x M 8 -invariant Killing spinors is a pp-wave propagating in an eight- 
dimensional manifold with a (restructure. Alternatively, the spacetime can be viewed as 
a Lorentzian deformation family of an eight-dimensional manifold with a G 2 -structure. 

Similarly, we have shown that the stability subgroups of the Killing spinors in Spin(9, 1) 
of the type IIB backgrounds are SU(A) x R 8 (N = 2, N = 0), G 2 (N = 2, N = 0), 
Spin(7) x R 8 (N = 1, N = 1), SU(A) x R 8 (A> = 1, N = 1) and G 2 (N = 1,N = 1). 
As in the IIA case, the backgrounds with N = are embeddings of N = 2 backgrounds 
of the heterotic string and their geometries have been analyzed in [1]. The spacetime of 
backgrounds with Spin{7) x R 8 - and SU(4) x M 8 -invariant Killing spinors is a pp-wave 
propagating in a Spin(7) manifold and in an almost hermitian manifold which admits an 
SU (4)-structure, respectively. The spacetime of backgrounds with GVinvariant spinors 
is a fibre bundle with fibre given by the orbits of two commuting null Killing vectors and 
with base space an eight-dimensional manifold with a G 2 -structure. 
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We have shown that there is a correspondence between type IIA and IIB common 
sector backgrounds with N — N — 1 supersymmetry. In particular, to every type 
IIA background with a spacetime geometry that has an interpretation as a Lorentzian 
family of an eight-dimensional manifold with a AT-structure there corresponds a type IIB 
background with spacetime geometry that of a rank two fibre bundle, and vice versa. The 
geometry of the deformed manifold and that of the base space of the principal bundle 
are the same. The structure groups of the spacetimes are interchanged as 

K K K R 8 (6.1) 

under this correspondence, where K = Spin(7) : 577(4) and G 2 - This correspondence may 
have been expected because of the type II T-duality [27, 28, 29, 30]. It is known that 
the T-dual background of a fibre bundle along a spacelike fibre isometry direction is a 
trivial Lorentzian family, i.e. it is a pp-wave background with two commuting isometries 
generated by the vector fields d/dv and d/du. As we have seen the correspondence 
persists after localization in the v coordinate for the Lorentzian family because it does 
not change the geometry of the deformed eight-dimensional manifold. 

The question arises whether the geometries of common sector backgrounds with N > 
2 supersymmetries can be classified as we have done here for the N = 2 backgrounds. 
The investigation of backgrounds with either N = or N = reduces to that of the 
heterotic string and therefore the result can be found in [1]. A preliminary investigation 
for the remaining cases, N, N > and N = N + N > 2, has revealed that more than 
one hundred new geometries can occur. This is because there are many ways to embed 
the stability subgroups G and G of the Killing spinors in Spin(9, 1). This leads to 
many different stability subgroups G = G n G of all Killing spinors in Spin(9, 1) for the 
same number of supersymmetries N. Nevertheless, all these geometries can be classified 
using the techniques we have employed in this paper and in [1]. The completion of 
the programme will give an understanding of the geometries of type II common sector 
backgrounds with any number of supersymmetries. 

Acknowledgments: We thank Jan Gutowski and Diederik Roest for many helpful 
discussions. U.G. has a postdoctoral fellowship funded by the Research Foundation 
K.U. Leuven. 

Appendix A Common sector field and Killing 

spinor equations 

The Killing spinor equations of the common sector of type II supergravities in compo- 
nents are 

Ve = , (T M d M <S> - Lv MNP H MNP )e = , 

Ve = 0, (r M 9 M $ + ±T MNP H MNP )e = , (A.l) 

where 

V N Y M = W N Y M + l -H M NR Y R , (A.2) 



22 



VmC = <9m£ + \£Im,abT AB £, and similarly for V after setting H — > —H, and e and e are 
Majorana-Weyl spinors of the same (IIB) or opposite (HA) chiralities. The integrability 
conditions of the Killing spinor equations are 

— 2EmnT n e — e 2 ® LHmn^ n e = , 

L$e - ^e 2 *LH MN r MN e = 0, 

-2E MN V N e + e 2 "LH MN T N e = , 

L®€+^e 2 *LH MN r MN 6 = 0, (A.3) 

where the field equations in the string frame to lowest order in a' are 

Emn = Rmn — -^HpqmH pq n + 2V m9n& = , 
LH PQ = VM(e- 2 *H M p Q ) = 0, 
L$ = V 2 $ - 2g MN d M $ d N <S> + -^H MNR H MNR = 0. (A.4) 

These integrability conditions are easily derived from those of the heterotic string, see 
[31, 1]. We have also imposed the Bianchi identity of H, dH = 0. 

Appendix B Linear system 

To construct the linear systems associated with the Killing spinor equations, one has to 
evaluate the supercovariant derivative and the algebraic Killing spinor equations on a 
basis in the space of spinors, for details see [21]. For the type IIB common sector, this 
calculation can be read off from that of the heterotic string in [1] . Similarly, for the type 
IIA common sector, the evaluation of the V and rf$ — |if Killing spinor equations is 
identical to that of the heterotic string [1]. It remains to evaluate V and rf$ + |if on 
a basis of the negative chirality spinors A^" 6 spanned by forms of odd degree. A basis 
in the space of these spinors is es, e^, e^fc, e^s and eu345- The construction of the spinor 
representations and the spinor conventions can be found in [1]. In particular, one finds: 

±n ABC T BC e 5 = ^(n A ^ + n A /)T + i-^=n A ^- k Th 

+-^=n A - kI r + r k h , (b.i) 

-^&A,BcF e 12 345 = {&A,+- — &A,k ) r + e 12 34 — -^-jJtl A,kl e mnF + T mn l 

-^^&A-k£ k iinfF lmni , (B.2) 

■^pA,BCr BC e a = ^= (— &A,+- + &A,aa + &A,k k ) T"! + —j=&a,+o£ + 1 
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+ ^jJl A ^- k T + T k m + -±Jl A - k ^T kl l + ^=(l A - ka r k l , (B.3) 



-^>A,BCF BC *r a ei234 = ^A,+ar + ei234 — -^A,ak^ ' edm^ 011 ™^ 

+ i^, +fc e Qfe ^r + r^l - l -(l AM e ahl ^l , (B.4) 

^^A,Bcr sc r + e a; g = — Ci Ata/3 r + i + ^-e^" Q , /3 r + ei 2 34 

- 2fi A _ [a r /3] i-^ [Q r + r /3] r s i, ' (b.5) 



1 - 



+ 



H_ kT T kl l 



Y2\f2 



V2 



d k $ + ±H + _ k + ±H kl l )r-r k \ 



(B.6) 



61234 



127! + \ H+ - k ~ l Hkl1 ) c *«^ r+r * flPl 

-J rr fc£ pmni , -J rr Hm. p+pn-i /-r 7\ 



^ rr .T+T^l f7 aklm„ 

- -^tl+ak L 1 1 - ~^j2 klfh 1234 

+ -L + l -H +&a + ±if +fc *) r+rn 

+ --^i^-r+r^i + --L^-r^i , (b.s) 



d$ + -H r a e 1234 = 2 a $--if, 



'afc 



+ 



1 

12 



1 



,9+$ - ^# +SQ - -ff 



5 I Ci234 
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1 U akl p+pmi i 1 rr ^ofc r\+™rirmi 

— g +fcZ ml J- 1 + ^-n+afcC /" m l 111 

1 1 

— g-Hfe/me 1 — -ytlaklt- ml 1 1 , (,£>- y J 



^$ + ^r + e a/3 = -2iT_ a/3 + H_- kI e a(3 M e 12U 



[d-$-±H^ + ±H- k k )V„,l 



+ 2 



+ tf^r+rh - 2^_ S[a r /3] r £ i - ^H- kT[a r + r 0] r k h , (b.io) 

where A,B,C = {+, — , a, a, k, k}, the range of the Greek indices determined by the 
number of Greek indices on the left hand side of the respective expression and the range 
of the Latin indices given by Range(a) U Range(k) = {1, 2, 3, 4}. In addition d$ + \H = 

r A d A <f> + ±H ABC r ABC . 



Appendix C SU(A) and G 2 geometries in eight di- 
mensions 

C.l S'?7(4)-structures in eight dimensions 

577(4) geometries on an eight-dimensional manifold are characterized by the existence of 
an almost complex structure I compatible with a Riemannian metric g and a (4, 0)-form 
X such that 

1 1 

-uj Au Auj Au = — X AX = dvo\ , u A x = , (Gl) 

where u is the Hermitian, or Kahler, two-form. The intrinsic torsion of such a manifold 
decomposes in terms of five irreducible SU (4) representations and therefore there are 2 5 
S77(4)-structures in an eight-dimensional manifold, see also [32, 33, 1]. These represen- 
tations can be found in the decomposition of Va> and Vx under SU(4) representations, 
where V is the Levi-Civita connection. In particular, one schematically has 

V a Ufa + C.C. Wi + W 2 

+ c.c. W 3 + W 4 

VaXftftM+C.C. W 5 (C.2) 

where W±, W 2 , W 3 , W 4 and W 5 have dimensions 4, 20, 20, 4 and 4, respectively. These 
classes are also contained in du and dx as 

da; 3 ' + c.c. Wi 
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d X 3 ' 2 + c.c. W 1 + W 2 

du^ + c.c. W 3 + W 4 

dx 4 ' 1 + c.c. W A + W 5 . (C.3) 

The class W± is chosen such that W\ = did 3 ' + du ' 3 . This class can also be represented 
by a one-form but this is special to the SU (4) structure group. Using this definition for 
Wi, one can write 

V a W/*y = ^l)a/3 7 + (^ 2 )a/3 7 • (C.4) 

This equation can then be considered as the definition of W 2 . The class W 4 can be 
represented by the Lee one-form 9^ of u>, i.e. 

W 4 = e„ = - * A w) . (C.5) 

We follow the form conventions of [1]. In turn W 3 is defined by the relation 

dcu 2 ' 1 + du 1 ' 2 = W 3 + \u AW 4 . (C.6) 

Next consider the Lee form of Rex 

6 Kcx = ~* (*dRe X A Re X ) . (C.7) 

The Lee form 6r C x can be decomposed in terms of the W4 and W5 representations. Since 
we have given a representative of the W4 representation, we shall set 

w 5 = e Rex . (c.8) 

Let us consider the change of the classes under conformal transformations ds 2 — > 
e 2 ^ds 2 of the metric and changes in the trivialization of the canonical bundle /C. The 
latter are equivalent to transforming x — ► e lA x- In particular one finds that 

W(' x = e 2f W 1 , Wf x = e 2f W 2 , W(' x = e 2f W 3 , 

W[' x = W 4 + 6df , W(' x = W 5 - Adf - d r X . (C.9) 

The only class that depends on the trivialization of the canonical bundle is W 5 . 
C.2 (^-structures in eight dimensions 

The G 2 geometry of eight-dimensional manifolds is characterized by a (^-invariant three- 
form if and a G 2 invariant non-vanishing one-form Z, such that 

g(Z,Z) = l, *ipAZ = 0, <pA*<p = -7dvol . (CIO) 

In particular *tp = Z A*Lp, where -kip is the standard G 2 invariant four-form. The tangent 
bundle of the eight-dimensional manifolds decomposes as TM — R © E, where E is a 
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rank 7 vector bundle. One can choose an orthonormal basis such that the metric on M 
can be written as 

ds 2 = (e 1 ) 2 + %eV , Z = ei, i,j = 2,...,8, (C.ll) 

To find the different GVstructures in an eight-dimensional manifold, one can use the 
method proposed in [34]. The intrinsic torsion of such a manifold decomposes in terms of 
ten irreducible G 2 representations. So there are 2 10 G 2 -structures in an eight-dimensional 
manifold. These representations can be found by decomposing VZ and V(p in terms of 
G 2 representations. In particular, one has that 

V t Zj Xl +X 2 + X 3 + X A 

Vi<p jkl W 1 + W 2 + W 3 + W 4 (C.12) 

where X and W both have dimension 7, X\, X 2 , X 3 and X 4 have dimensions 1, 7, 14 
and 27, respectively, and similarly for W 1: W 2) W 3 and W 4 . It is straightforward to find 
X, W, Xi, X 2 , X 3 , X 4 , W 7- !, W 2 , W 3 and W 4 in terms of VZ and Vy>. 
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